Introduction
Let G be a connected Lie group sitting in its complexification G C . Let Γ < G be any discrete subgroup. Then Γ acts freely and properly discontinuously on G C and we can form the quotient Γ\G C which again is a complex manifold. If G is nilpotent, then Γ\G C is Stein by a theorem of Gilligan and Huckleberry (cf. [GiHu60] ). Later this result has been generalized by Loeb (cf. [Lo85] ) to the case where the Lie algebra g of G is weakly elliptic, i.e., if all operators ad(X), X ∈ g, have imaginary spectrum. But if G is semisimple and Γ is infinite, then it is a special case of a theorem of Barth and Otte (cf. [BaOt73] ) that Γ\G C is not Stein. So in general the G × G-biinvariant complex manifold G C is just too big for Γ\G C being a Stein manifold. In this paper we prove positive Stein results for quotients Γ\S for a very interesting class of G × G-biinvariant domains S ⊆ G C .
Let us illustrate the situation for the example G = SU(p, q). Then G can be defined as the invariance group of a hermitian form ·, · p,q on C n , n = p + q , and we have G C = Sl(n, C). The contraction semigroup of the form ·, · p,q S: = {g ∈ G C : g.v, g.v p,q < v, v p,q for all v ∈ C n , v = 0} is easily seen to be an open G × G-invariant domain in G C , a so-called complex Ol'shanskiȋ semigroup. In general one can define complex Ol'shanskiȋ semigroups for every connected Lie group, whenever its Lie algebra admits an open convex weakly elliptic Ad(G)-invariant cone Ø = W ⊆ g. If g is simple, this means that g is either hermitian or compact, but we also have many non-reductive examples as the Jacobi-algebra h n ⋊sp(n, R) with h n the 2n+1 -dimensional Heisenberg algebra (cf. [Ne99a] ). The complex Ol'shanskiȋ semigroup associated to G and W is given by S = G Exp(iW ). In [Ne98, Ne99b] Neeb solved an old conjecture of Gindikin by showing that all complex Ol'shanskiȋ semigroups and their symmetric space analogues are Stein manifolds. Let now Γ < G be any discrete subgroup. In this paper we investigate the quotients Γ\S . These manifolds were first considered by the third author for G = Sl(2, R) in the context of Hardy spaces on Γ\S (cf. [Ach99] ). Let us in the following assume that Ad(G) is closed in Aut(g) and that W is pointed, which both are very natural assumptions in our context. Our main result then is that Γ\S is Stein for Γ < G cocompact (cf. Theorem IV.9).
Let us say some words about the techniques entering in the proof of this theorem. If (π, H) is a unitary highest weight representation of G, then one has a holomorphic extension to a representation of the complex Ol'shanskiȋ semigroup S which has G as some sort of Shilov boundary (cf. [Ne99a, Ch. XIV]). We obtain holomorphic functions on Γ\S by taking matrixcoefficients with Γ-fixed hyperfunction vectors; i.e. we take Γ\S → C, Γs → π(s).v, v Γ , with v ∈ H and v Γ ∈ H −ω a Γ-fixed element. Here H −ω denotes the Fréchet G-module of hyperfunction vectors of (π, H), the strong antidual of the analytic vectors H ω . Thus one gets many holomorphic functions on Γ\S provided Γ-spherical unitary highest weight representations (π, H) of G do exist. A method to construct those is to show that the Poincaré series P (v): = γ∈Γ π(γ).v for some v ∈ H converge in H −ω and are non-zero. In Section III we prove the existence and non-triviality of P (v), v being a highest weight vector, for all discrete subgroups Γ < G and almost all unitary highest weight representations with sufficiently large parameter. This in turn is deduced from integral geometric observations in the Bergman space B 1 (S) of integrable holomorphic functions on S together with the Plancherel theorem for B 2 (S) (cf. [Kr98a] ). Let now f : S → C, s → π(s).v, v Γ be the holomorphic extension of an automorphic form on G associated to a Γ-spherical highest weight representation (π, H) of G. In Chapter IV we reduce the problem of Γ\S being Stein to the question whether f vanishes at infinity in the closure S = G Exp(iW ) of S . If Γ < G is cocompact, then techniques from functional analysis apply and we can tackle this problem. However, we conjecture that Γ\S is Stein with no restriction on Γ and hope that this paper will give raise to further discussion.
I. Complex Ol'shanskiȋ semigroups and their representations
In this first section we introduce complex Ol'shanskiȋ semigroups, which may be thought of as complex Lie subsemigroups of complex Lie groups. Then we recall the basic facts concerning their holomorphic representations and the characterization of the irreducible ones by highest weight representations.
Complex Ol'shanskiȋ semigroups
Throughout g denotes a finite dimensional real Lie algebra. The concept of a complex Ol'shanskiȋ semigroup is closely related to the concept of elliptic elements in a real Lie algebra g. Recall that an element X ∈ g is called elliptic if ad X is semsimple with purely imaginary spectrum. Accordingly we call a subset W ⊆ g elliptic if all its elements are elliptic.
Definition I.1. (Complex Ol'shanskiȋ semigroups, cf. [Ne99a, Ch. XI]) Let Ø = W ⊆ g be an open convex elliptic cone and W its closure. Let G , respectively G C , be the simply connected Lie groups associated to g, respectively g C , and set G 1 : = exp g ⊆ G C . Then Lawson's Theorem says that the subset Γ G1 (W ): = G 1 exp(iW ) is a closed subsemigroup of G C and the polar map
is a homeomorphism. Now the universal covering semigroup Γ G (W ): = Γ G1 (W ) has a similar structure. We can lift the exponential function exp: g + iW → Γ G1 (W ) to an exponential mapping Exp: g + iW → Γ G (W ) with Exp(0) = 1 and thus obtain a polar map
If G is any connected Lie group associated to g, then π 1 (G) is a discrete central subgroup of Γ G (W ) and we obtain a covering homomorphism
It is easy to see that there is also a polar map G × W → Γ G (W ), (g, X) → g Exp(iX), which is a homeomorphism. The semigroups of the type Γ G (W ) are called complex Ol'shanskiȋ semigroups.
is an open semigroup carrying a complex manifold structure such that the multiplication is holomorphic. Moreover there is an involution on Γ G (W ) given by * :
being antiholomorphic on Γ G (W ). Thus both Γ G (W ) and Γ G (W ) are involutive semigroups.
From now on we denote by S an open complex Ol'shanskiȋ semigroup Γ G (W ) and by S its "closure" Γ G (W ).
A subalgebra a ⊆ g is said to be compactly embedded, if e ad a is relatively compact in Aut(g). Note that a subalgebra is compactly embedded if and only if it is elliptic.
Note that if a real Lie algebra admits a non-empty open elliptic convex cone, then there exists a compactly embedded Cartan subalgebra t ⊆ g (cf. [Ne99a, Th. VII.1.8]). To step further we first need some terminology concerning Lie algebras with compactly embedded Cartan subalgebras.
Definition I.2. (cf. [Ne99a, Ch. VII]) Let g be a finite dimensional Lie algebra over R with compactly embedded Cartan subalgebra t . (a) Associated to the Cartan subalgebra t C in the complexification g C there is a root decomposition as follows. For a linear functional α ∈ t * C we set
and write ∆: = {α ∈ t * C \{0}: g α C = {0}} for the set of roots. Then g C = t C ⊕ α∈∆ g α C , α(t) ⊆ iR for all α ∈ ∆, and g α C = g −α C , where X → X denotes complex conjugation on g C with respect to g. (b) Let r denote the radical of g and note that there is a t -invariant Levi decomposition g = r⋊s. Let k be a maximal compactly embedded subalgebra of g containing t . Then a root α is said to be compact if g α C ⊆ k C and non-compact otherwise. We write ∆ k for the set of compact roots and ∆ n for the non-compact ones. (c) A positive system ∆ + of roots is a subset of ∆ for which there exists a regular element X 0 ∈ it * with ∆ + : = {α ∈ ∆: α(X 0 ) > 0} . We call a positive system k-adapted if the set ∆
Recall that there exists a k-adapted positive system if and only if z g (z(k)) = k. In this case we say g is quasihermitian. In this case it is easy to see that s is quasihermitian, too, and so all simple ideals of s are either compact or hermitian. 
and C max : = (i∆
Note that both C min and C max are closed convex cones in t . (e) Write p t : g → t for the orthogonal projection along [t, g] and set O X : = Inn(g).X for the adjoint orbit through X ∈ g. We define the minimal and maximal cone associated to ∆ + n by
and note that both cones are convex, closed and Inn(g)-invariant. + ) if it is generated by a primitive element of weight λ. (d) Let G be a connected Lie group with Lie algebra g. We write T for the analytic subgroup of G corresponding to t . Let (π, H) be a unitary representation of G. A vector v ∈ H is called T -finite if it is contained in a finite dimensional T -invariant subspace. We write H T,ω for the space of analytic T -finite vectors. (e) An irreducible unitary representation (π, H) of G is called a highest weight representation with respect to ∆ + and highest weight λ ∈ it * if H T,ω is a highest weight module for g C with respect to ∆ + and highest weight λ. We write HW (G, ∆ + ) ⊂ it * for the set of highest weights corresponding to unitary highest weight representations of G with respect to ∆ + .
The interplay between irreducible holomorphic representations of S and unitary highest weight representations of G is described in the following lemma. Recall that a cone W in a real vector space V is called pointed if W contains no affine lines.
Lemma I.5. Let S = Γ G (W ) be a complex Ol'shanskiȋ semigroup and ∆ + be a k-adapted positive system with C min ⊆ C ⊆ C max . Suppose that W is pointed.
(1) If (π, H) is an irreducible holomorphic representation of S , then (π, H) extends to a strongly continuous representation of S , also denoted by (π, H), such that π | G is a uniquely determined unitary highest weight representation of G with respect to ∆ + .
(2) Conversely, if (π λ , H λ ) is a unitary highest weight representation of G with respect to ∆ + , then (π λ , H λ ) extends to a uniquely determined strongly continuous representation of S , whose restriction to S is holomorphic and irreducible.
Proof. This follows from [Ne99a, Th. XI.4.8] together with its following remark.
We assume in the following that the cone W ⊆ g is pointed.
II. The manifolds Γ\S and some concepts from complex analysis
be an open complex Ol'shanskiȋ semigroup and Γ < G a discrete subgroup. In view of the polar decomposition of S (cf. Definition I.1), the group Γ acts via Γ × S → S, (γ, s) → γs , freely and properly discontinuously on S . Thus the quotient Γ\S is Hausdorff and carries a complex structure which is induced from the quotient map S → Γ\S, s → Γs.
Stein manifolds
Since one of the main objectives of this paper is the investigation of the structure of the complex manifolds Γ\S , especially whether they are Stein, we briefly recall here some facts concerning Stein manifolds.
If M is a complex manifold, then we write Hol(M ) for the space of holomorphic functions on M . We endow Hol(M ) with the topology of compact convergence on M . Note that Hol(M ) is a Fréchet space provided M is second countable. 
For a second countable complex manifold M , the following assertions are equivalent:
(1) The manifold M is Stein.
(2) There exists a strictly plurisubharmonic exhaustion function ϕ: M → R, i.e., ϕ is strictly plurisubharmonic and for all r ∈ R the set ϕ Proof. [Ne98, Lemma 5.11].
Reduction to the case of compact center
To investigate the Stein properties of the quotients Γ\S we now make the reduction to the case of compact center.
Let
Thus we may assume that Γ ∩ Z = {e} is trivial.
Lemma II.5. Let G be a connected Lie group and Z its center. Then there exists a finitely generated discrete cocompact subgroup Z 1 in Z .
Proof. This follows from [Wü97, Prop. 2.1].
Remark II.6. Let Z 1 < Z be a discrete cocompact subgroup (cf. Lemma II.5). Then S/Z 1 is a complex Ol'shanskiȋ semigroup. Since Γ ∩ Z was assumed to be trivial, we hence get a holomorphic fiber bundle Γ\S → Γ\ S/Z 1 with typical fiber Z 1 . Since Z 1 is Stein (cf. Lemma II.5), Theorem II.3 shows that Γ\S is Stein if Γ\ S/Z 1 is Stein. Thus in order to prove that Γ\S is Stein, we may assume that Γ ∩ Z is trivial and Z = Z(G) is compact.
Invariant Hilbert spaces
We conclude this section by introducing the concept of an invariant Hilbert space of holomorphic functions.
Definition II.7. Let M be a complex manifold and G a group acting on M via 
Let (ρ, H) be an invariant Hilbert space. Then by (IH1) all point evaluations H → C, f → f (z) are continuous. Hence there exists for every z ∈ M an element K z ∈ H such that f, K z = f (z) for all f ∈ H . The function
is holomorphic in the first, antiholomorphic in the second variable and G-invariant, i.e., we have K(z.g, w.g) = K(z, w) for all z, w ∈ M , g ∈ G. We call the function K the reproducing kernel of (ρ, H). For further information on reproducing kernel Hilbert spaces we refer to [Ne99a, Ch. I-IV].
III. Constructing Γ-spherical representations
In this section we give a construction of Γ-spherical highest weight representations for arbitrary discrete subgroups Γ < G. It was an idea of Godement to obtain Γ-spherical representations by averaging matrix coefficients of integrable representations of G (cf. [Bo66] ). In our setup however it is much more convenient to use the the Bergman space B 1 (S) of integrable holomorphic functions on S instead of L 1 (G). This is because we can naturally realize highest weight representations with sufficiently large parameter in the Hilbert space B 2 (S) (cf. [Kr98a] 
The natural extension of (π, H) to a representation on the space of hyperfunction vectors is denoted by (π −ω , H −ω ) and given explicitly by
Remark III.2. Even though in general the topology on the space of analytic vectors is hard to deal with, one has a quite explicit picture for holomorphic representations of complex Ol'shanskiȋ semigroups. Let G be a connected Lie group and (π, H) a unitary representation of G which has an extension to a holomorphic representation of some complex Ol'shanskiȋ semigroup S = G Exp(iW ). Then we have for each X ∈ iW 
is a highest weight module with highest weight λ.
Since C ⊆ int C max we have α(iX) > 0 for all α ∈ ∆ + n and X ∈ C . Moreover C is W k -invariant so that we can find an element X ∈ C such that α(iX) > 0 for all α ∈ ∆ + . Since G is a (CA)-Lie group the group T /Z(G) is compact (cf. [Ne99a, Sect. XI.6]) and hence we can choose X ∈ iC such that α(iX) ∈ N for all α ∈ ∆ + . Further, since λ ∈ i int C ⋆ min we also have λ(iX) < 0 for all X ∈ C . This proves Spec(dπ λ (X)) ⊆ −β − N 0 α for some α, β > 0 .
and note that there exists an N ∈ N such that
Take now v = n c n v n = j,n c n j v n j = π λ (Exp(tX)).w for some w ∈ H λ and t > 0 . Then w = j,n e t(nα+β) c n j v n j and we have
Bergman spaces revisited
If G is a locally compact group, then we denote by µ G a left Haar measure on G. (i) For all compact subsets Q ⊆ S there exists a constant C Q > 0 such that
is defined and a contraction of Banach spaces.
Proof. 
holds for all f ∈ Hol(S). For each f ∈ Hol(S) and g ∈ G we set f g (s) = f (gs). Note that
. Thus we get for all f ∈ B 1 (S) and s ∈ Q that
This proves (i).
(ii) Let f ∈ B 1 (S). Then the inequality in (i) implies that f H ∈ Hol(S) H . It remains to show that f H 1 ≤ f 1 . But this follows from
completing the proof of (ii).
Let (π, H) be a unitary representation of a Lie group G and (π * , H * ) its dual representation. We denote by ( π, B 2 (H)) the unitary representation of G×G on Hilbert-Schmidt operators on H given by π(g 1 , g 2 ).A = π(g 1 )Aπ(g 2 ) −1 for g 1 , g 2 ∈ G and A ∈ B 2 (H). Recall that the scalar product on B 2 (H) is given by A, B = tr(AB * ) for all A, B ∈ B 2 (H). Further we have a natural equivalence
Let (R ⊗ L, Hol(S)) denote the right-left regular representation of G × G on Hol(S), i.e., we have
Recall that for a unitary highest weight representation (π λ , H λ ) all operators π λ (s), s ∈ S , are of trace class (cf. [Ne99a] ). Further the prescription
gives us a G × G-equivariant realization of B 2 (H λ ) as G × G-invariant Hilbert space of holomorphic functions on S (cf. Definition II.7) Theorem III.5.
Assume that G is a (CA)-Lie group and that Z = Z(G) is compact. If S is a complex Ol'shanskiȋ semigroup, then we have a G × G-equivariant isomorphism of Hilbert spaces
with b(λ) > 0 for all λ ∈ Λ and
where ρ: = 1 2 α∈∆ + α and t + : = {X ∈ t:
Proof. This is a special case of [Kr98a, Thm. IV.5].
For the rest of this section we assume now that G is a (CA)-Lie group, Z(G) is compact. We denote by K the analytic subgroup of G corresponding to k. Note that K is compact by our assumptions on G.
Lemma III.6. We have 2Λ ⊆ Λ . Further for all λ ∈ 2Λ and all T -finite analytic vectors w ∈ H T,ω λ we have a continuous G-equivariant inclusion mapping
This concludes the proof of 2Λ ⊆ Λ . Let now λ ∈ Λ and write v λ , respectively v 2λ , for a normalized highest weight vector in H λ , respectively H 2λ . Denote by H λ ⊗H λ the G-module where G acts diagonally. Then the prescription v 2λ → v λ ⊗ v λ gives rise to an equivariant embedding of H 2λ into H λ ⊗H λ (for more details see the proof of [HiKr99, Th. 3.2.1] where a similar situation is dealt with). In the sequel we assume that H 2λ ⊆ H λ ⊗H λ . Note that H T,ω 2λ ⊆ H λ ⊗ H λ so that by linearity we may assume that w = w 1 ⊗ w 2 for some w 1 , w 2 ∈ H λ . Let (v n ) n∈N be an orthonormal basis of H λ . Then (v n ⊗ v m ) n,m∈N constitutes an orthonormal basis of H λ ⊗H λ . Hence v ∈ H ω 2λ can be written as v = n,m c n,m v n ⊗ v m with v 2 = n,m |c n,m | 2 . Let X ∈ iC be as in Lemma III.3. Then (X, X) ∈ i(C × C) meets the same assumptions as X for the unitary highest weight representation π λ ⊗ π λ of G × G. Hence if v = π 2λ (Exp(tX)).u for some u ∈ H 2λ then n,m |c n,m | ≤ c t u by Lemma III.3. Now the Cauchy-Schwarz inequality together with Theorem III.5 gives
Thus we see that for all t > 0 the mapping
is continuous. In view of the definition of the topology of H ω 2λ , this proves the continuity of Φ.
Poincaré series
Now we are going to construct Γ-spherical highest weight representations for generic parameters in 2Λ . 
By Lemma III.6 we have f v ∈ B 1 (S) and so f Γ v ∈ B 1 (Γ\S) with f Γ v converging absolutely on all compact subsets Q ⊆ S , i.e.,
(cf. Proposition III.4). Let X ∈ iC and set s t : = Exp(tX) for all t > 0 . Then Lemma III.6 asserts in particular that for all t > 0 there exists a constant C t > 0 such that
By the definition of the topology on H ω λ , we only have to check the the continuity of the maps
Fix now t > 0 and choose Q such that s: = s t 2 ∈ Q . Note that the map
is an involutive isometry, which follows from the G × G-invariance of µ S . Then (3.1) and (3.2) imply that
This proves the proposition.
Now we are going to show that the Poincaré series of the highest weight vector P (v λ ) is non-zero for almost all parameters λ ∈ 2Λ . For that we have to recall some facts concernig the generalized Harish-Chandra decomposition. Our source of reference is [Ne99a, Sect. XII.1].
We denote by K the analytic subgroup of G corresponding to k. Note that K is compact by our assumptions on G. Let K C denote the universal complexification of K and note that K ⊆ K C . By G C we denote the universal complexification of G.
We define subalgebras of g C by
and note that p ± are abelian since W was assumed to be pointed. Further we have g C = p − ⊕ k C ⊕ p + . Let P ± denote the analytic subgroups of G C corresponding to p ± . Assume for the moment that G ⊆ G C . Then the multiplication mapping
is biholomorphic and we have G ⊆ S ֒→ P − K C P + . For the general case we can use some standard covering theory to lift the results from above: We obtain a complex manifold P − K C P + with a biholomorphic map P − ×K C ×P + → P − K C P + and the inclusion chain from before also lifts: G ⊆ S ֒→ P − K C P + . We denote by κ: S → K C the middle projection. Set t 0 = t∩[k, k] and note that t = t 0 ⊕z(k). Accordingly we have t
(ii) Assume now that λ 0 is regular for ∆ k . Fix ζ ∈ (Γ z(k) ∩iC ⋆ )\{0} and set λ n : = n(λ 0 + ζ) ∈ 2Λ for n ∈ N. Then there exists an n ∈ N such that
where v λn is a normalized highest weight vector for (π λn , H λn ).
Proof.
(i) This follows from the structure of the set of unitary highest weights (cf. [Kr99, Sect. IV]) together with our explicit description of Λ .
(ii) We consider the function
Note that the defining series converges absolutely by Proposition III.8. If (π λ , H λ ) is any unitary highest weight representation of G, then F (λ): = span{π(K).v λ } is a finite dimensional irreducible representation of K . Hence the repressentation (π λ , F (λ)) of K naturally extends to a holomorphic representation of K C . By [Kr98b, Prop. II.20] we now have π λ (s).v λ , v λ = π λ (κ(s)).v λ , v λ for all λ ∈ HW (G, ∆ + ) and s ∈ S , and so
be the complex conjugate and N k , N k , the respective analytic subgroups of K C . Then we have the Bruhat decomposition
where w ∈ K C is a representant for w . Fix n ∈ N and consider the function
The fact that λ 0 is regular implies that f vanishes on all cells
λn . Thus we have
The set {t(κ(γ)) ∈ T C : γ ∈ Γ} defines a countable family (t j ) j∈N ⊆ T C . Then (3.3) and (3.4) give that
Now it follows from Lemma III.10 below that F (n) = 0 for at least one n ∈ N proving the proposition.
Lemma III.10. Let V be a finite dimensional real vector space, V * its dual and V C = V + iV its complexification. Let C ⊆ V * be a convex cone and Γ ⊆ V * be a lattice. Suppose that C ∩ Γ = Ø and that there exists a sequence (z n ) n∈N in V C such that
is defined by absolutely convergent series. Then F = 0 .
The assertion of the lemma easily reduces to the one dimensional case, i.e., V = R. By rescaling we may assume that Γ = Z. Then C = R or C = ±]0, ∞[ and taking a subcone of C we, up to sign, may assume that C =]0, ∞[. Then we have Z∩]0, ∞[= N and
with ∞ n=1 e m Re(zn) < ∞ for all m ∈ N. Hence Re(z n ) > 0 for only finitely many n ∈ N and
Further F extends to a bounded analytic function
To obtain a contradiction, assume that F = 0 . Then f = 0 by [Kr98c, App. A]. W.l.o.g. we may assume that Re z n = x 0 exactly for 1 ≤ n ≤ N for some N ∈ N and that z 1 = z j exactly for 1 ≤ j ≤ k , k ≤ N . Then dominated convergence gives that
But this contradicts Kronecker's Theorem on dense winds in tori, proving the lemma.
We now summarize the main results of this section. 
IV. The cocompact case
This section is devoted to the proof that Γ\S is Stein for Γ < G discrete and cocompact and G being a (CA)-Lie group.
Compact G-orbits in the hyperfunctions Lemma IV.1. Let s 0 = Exp(X 0 ) with X 0 ∈ iC . Then the following assertions hold:
(ii) There exists an X ∈ iC such that
Now we have
(ii) Let ≤ C denote the conal order on the convex cone iC . Since conv(W k .X 0 ) is compact, we therefore find an element
In view of (i), this proves (ii).
Lemma IV.2. Let (π, H) be a holomorphic representation of S . Suppose that Γ\G is compact and let v Γ ∈ (H −ω ) Γ . Then the following assertions hold:
Proof. (i) Recall from Definition III.1 that the representation (π −ω , H −ω ) of G is continuous, i.e., the map
is continuous. Thus π −ω (G).v Γ is compact by the cocompactness of Γ in G.
(ii) Recall the definition of the topology on H ω (cf. Remark III.2). Being the strong dual of the analytic vectors H ω , the topology on H −ω is the finest locally convex topology for which all maps
become continuous. Hence for all compact subsets K ⊆ H −ω , the set π −ω (Exp(X 0 )).K is compact in H . In view of (i), this proves (ii).
Realizing Γ-spherical representations in holomorphic functions
Throughout this subsection (π, H) denotes a holomorphic representation of a complex Ol'shanskiȋ semigroup. We assume that (π, H) is Γ-spherical for an arbitrary discrete subgroup Γ < G.
Fix now a cyclic element
is injective, continuous and G-equivariant, i.e., the map r gives us a realization of H as a Ginvariant Hilbert space of holomorphic functions on Γ\S (cf. Definition II.7). In the sequel we assume that H ⊆ Hol(Γ\S). Recall from Section II that there is a reproducing kernel K for H .
Lemma IV.3. Let (π, H) be a Γ-spherical holomorphic representation of S realized in the holomorphic functions on Γ\S via the realization (4.1). If K is reproducing kernel of H , then
Proof. This is analogous to the proof of [HiKr98, Th. 4.1.1].
Proposition IV.4. Assume that Γ\G is compact and let (π, H) be a Γ-spherical holomorphic contraction representation of S . Then the following assertions hold: (i) Fix X 0 ∈ iC and set s 0 : = Exp(X 0 ). Then, the reproducing kernel K of H is bounded when restricted to Γ\Ss 0 × Γ\Ss 0 . In particular, there exists a constant C = C(s 0 ) such that (∀s ∈ Ss 0 ) K Γs ≤ C.
(ii) All analytic vectors H ω are bounded holomorphic functions on Γ\S .
Proof.
In view of Lemma IV.1 we have Ss 0 ⊆ G Exp(X) Exp(iC)G for some X ∈ iC . Therefore we get for all s ∈ S that
since (π, H) is contractive and Exp(X) commutes with Exp(iC). But now the assertion follows from Lemma IV.2(ii).
(ii) Let f ∈ H ω . Then f ∈ π(s 0 ).H for some s 0 = Exp(X 0 ), X 0 ∈ iC . Thus we can write f = π(s 0 ).g with g ∈ H . But then (i) implies that
Vanishing at infinity
In this subsection we show that the analytic vectors of certain invariant Hilbert spaces of holomorphic functions on Γ\S are vanishing at infinity.
Lemma IV.5. Let s 0 = Exp(X 0 ) ∈ S , X 0 ∈ iC , and (s n ) n∈N be a sequence in Ss 0 .
(i) There exists an element X ∈ iC such that
(ii) Assume now that Γ < G is cocompact and that (Γs n ) n∈N leaves every compact subset in Γ\S . Then the sequence h −1
n Exp(X + X n )h n leaves every compact subset of Exp(W ). In particular we have Proof. Fix X 0 ∈ iC and set s t : = Exp(tX 0 ) for t > 0 . Then H ω λ = ∪ t>0 π λ (s t ).H λ shows that there is a t 0 > 0 such that v = π λ (s t0 ).w for some w ∈ H λ . Set s 0 : = s t0 . Then Ss 0 ⊆ S shows that there is a continuous extension of f v to Γ\S . (i) Proposition IV.4(ii).
(ii) Let (s n ) n∈N be a sequence in S such that Γs n → ∞ in Γ\S . As S acts by proper maps on Γ\S (cf. [HiNe93, Th. 3 .20]), we also have Γs n s 0 → ∞ in Γ\S .
By Lemma IV.5 we find an element X ∈ C such that
for elements g n , h n ∈ G, X n ∈ iC . Then Lemma IV.3 and Proposition IV.4 show that
Since Γ\G is compact, Lemma IV.2(ii) implies that Q:
is holomorphic and satisfies lim x→∞(in X) x∈M
|fn(x)| for all x ∈ X , it follows from (2) that G is continuous and G | M is holomorphic. Further (1) and (2) imply that |G(m)| < 1 for all m ∈ M . Hence F is a holomorphic function on M . Finally (2) and (3) imply that
concluding the proof of the lemma. Now we have all information to prove the main theorem of this paper.
Theorem IV.9. Let S = Γ G (W ) be a complex Ol'shanskiȋ semigroup with G being a (CA)-Lie group. Let Γ < G be a discrete cocompact subgroup. Then the complex manifold Γ\S is Stein.
Proof.
By Remark II.6 we may assume that Z = Z(G) is compact. Then Lemma IV.7 and Lemma IV.8 (applied to X = Γ\S and M = Γ\S ) gives us the existence of a holomorphic function F on Γ\S with lim
Let ϕ be the biinvariant plurisubharmonic function on S from Theorem II.4. Then ϕ factorizes to a function on Γ\S which we also denote by ϕ. Then ψ: = |F | + ϕ defines a smooth positive strictly plurisubharmonic function on Γ\S . To conclude the proof of the theorem it suffices to prove that ψ is proper (cf. Theorem II.3). Let (z n ) n∈N be a sequence in Γ\S leaving every compact subset of Γ\S . Then we either have z n → z ∈ Γ\S \(Γ\S) or z n → ∞ in Γ\S . In the first case we have ϕ(z n ) → ∞ by Theorem II.4 while in the latter case lim n→∞ F (z n ) = ∞ holds. This concludes the proof of the theorem.
Remark IV.10. Note that by Theorem II.3 now also for all subgroups ∆ < Γ of a discrete cocompact subgroup Γ < G as in the theorem the manifold ∆\S is Stein. Let ·, · 2,1 denote the non degenerate symmetric bilinear form on R 3 induced by F . Then the prescription
defines an L -invariant symplectic form on R 3 × R 3 (we let L act diagonally). Associated to Ω F we build the nilpotent Lie algebra u: = (R 3 × R 3 ) × R with bracket
Note that u is isomorphic to the 7-dimensional Heisenberg algebra h 3 . Let U denote a simply connected Lie group with Lie algebra u. Then U ∼ = (R 3 × R 3 ) × R and Γ U : = (Z 3 × Z 3 ) × 1 2 Z is a cocompact lattice in U which is stable under Γ L . Thus Γ: = Γ U ⋊ Γ L is a cocompact lattice in the semidirect product G: = U ⋊ L .
Note that there is an embedding of g into the Jacobi algebra h 3 ⋊ sp(3, R) sending u isomorphically onto h 3 and l: = L(L) into sp(3, R). In view of [Ne99a, Ch. VII], this embedding guarantees us the existence of non-trivial pointed Ad(G)-invariant open convex cones W ⊆ g. Now Γ\Γ G (W ) is Stein by Theorem IV.9.
Conjecture . We conjecture that Γ\S is Stein for all complex Ol'shanskiȋ semigroups and all discrete subgroups Γ < G. In view if our results in Section IV, this amounts to prove the existence of a Γ-spherical holomorphic highest weight representation (π, H) of S with Γ is an automorphic form on G for all K -finite vectors v ∈ H . Even in the case of Γ\G = Sl(2, Z)\ Sl(2, R) we still do not know wether (4.3) holds true or not.
